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1. Introduction

The numerical evaluation of individual tunnel currents (pixels) constitutes the bottleneck of fast scanning
tunneling microscopy (STM) imaging. The number and the position of grid points where the current is
punctually evaluated have to be judiciously chosen to reveal the most important contrasts. In this note,
we present an adaptive meshing approach that significantly accelerates the computation time to produce
STM images by reducing the number of pixels to evaluate without affecting the final image resolution. This
method iteratively reveals the STM image by selecting new probing locations that improves the image qual-
ity at each step.

A straightforward method to compute a STM image is to send a high resolution square grid to a solver
that will return a pixel color intensity for each node [1,2]. Since pixel calculation is the most time consum-
ing step but is independent of the grid quality, redefining the surface discretization will reduce the amount
of computed pixels and thus the time required to compute an image. This process is a step by step image
analysis in which zones of interest, such as contrasts related to adsorbed molecules or structural defects,
are identified. Contrarily to mesh modeling where one creates an optimized mesh from a high resolution
solution, here we want to iteratively build an optimized mesh from a coarse and previous solution. A Del-
aunay triangulation has been used to efficiently generate optimized meshes from high resolution images [3],
and a similar discretization scheme is used in the present work. During mesh generation, standard point
insertion algorithms [4] are favored over methods that enable coarsening and smoothing operations [5],
since displacing or removing already computed pixels will results in undesirable exclusion of already com-
puted data.
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2. Methodology

Simulated STM images have particular characteristics that need to be considered while meshing. First, they
are essentially made of smooth contrasts, i.e. the solution is noiseless and has no strong discontinuities. This
allows efficient image analysis while using a first and second order differentiation approach of intensities. Sec-
ond, the tunnel current calculation is independent of the surface location. This means that several currents can
be computed at the same time on a parallel computer, and the current locations can be non-uniform.

The main steps of our adaptive algorithm are presented as follows. First, the surface of a molecular system
is discretized using an initial unstructured mesh. Mesh construction uses a Delaunay triangulation, which is an
efficient and well known meshing technique that can be easily implemented. The first adaptive cycle begins by
computing a tunneling current at each node of the initial mesh. Then, the computed image intensities are ren-
dered and analyzed to detect the edges from image contrast. Once the edge detection is complete, weights are
assigned to the triangles to determine which ones need to be refined at their barycenter to improve image res-
olution. A new adaptive refinement cycle begins by computing the tunneling current at each new node of the
mesh followed by another image analysis. The surface analysis and solving process is repeated until the target
resolution is obtained. These image analysis steps of the adaptive algorithms represent less than 1% of the time
consumed to evaluate a single pixel.

2.1. Initial mesh

As a first step before adaptation, an initial mesh must present the following characteristics to obtain an
accurate adapted solution. First, mesh points must be distributed uniformly across the surface to prevent small
contrasts from being ignored during the image analysis step. Second, mesh density can be increased in areas
more susceptible to contain contrasts. An STM image is based on the electronic properties of the surface
atoms rather then their position, but, while studying a molecular system, it is reasonable to put an emphasis
on locations near the studied molecules. The initial resolution may also be significantly coarser then the final
image resolution, which usually corresponds to the highest resolutions obtained experimentally (�0.2 Å). If
the initial mesh is too coarse, the image analysis will omit to detect some areas of interest and the final solution
will prove incomplete. A minimal mesh resolution is thus used, that is determined heuristically, based on a
priori knowledge of typical feature sizes that must be detected.

2.2. Mesh analysis

On a continuous image, an important variation of the pixel intensities reveals the contrast locations by
detecting its edges. On a typical grid image, a differential analysis is usually performed by applying bidimen-
sional discrete differentiation operators. In image processing, these operators are represented by convolution
masks applied on an image resulting in edges enhancement; Sobel and Prewitt filters are examples of a gradient
operator. In our work, such operators cannot be directly applied on unstructured meshes since they only work
on regular grids. Instead, we will approximate these operators using a quadratic regression method [6].

2.2.1. Quadratic fit (QF)

A nodal analysis of an unstructured mesh is possible by quadratically reconstructing a local function using
QF over a patch, spanning a subregion of the mesh built as follows. First, a central node and all its surround-
ing nodes forming a ring of elements is added to the patch. Then, a second ring composed of the nearest ele-
ments surrounding the first ring is also included. Applying a least square regression on pixel intensities of a
quadratic surface z
zðx; yÞ ¼ aþ bxþ cy þ dx2 þ exy þ fy2 ð1Þ

with constant coefficients a; b; c; d; e and f , over a patch of sampling points. These coefficients are obtained by
minimizing a residual for a patch of n elements. The regression is optimal if the sampling points are uniformly
distributed around the studied node, but remains precise even for skewed elements. During an adaptive cycle,
a differential analysis is performed for each mesh point associated to a patch and its fitted surface.



6722 S. Bedwani et al. / Journal of Computational Physics 227 (2008) 6720–6726
2.2.2. Laplacian operator

A scalar Laplacian operator gives the linear second derivative of the surface z in directions x and y, which is
invariant to rotation, and hence is not affected by edges direction. Applying this operator on the quadratic
surface approximates the Laplacian for a mesh point h
Lzhðx; yÞj j ’ 2d þ 2fj j: ð2Þ
This operator usually highlights discontinuities of an image, such as dots, lines and edges while ignoring flat
surfaces.

2.2.3. Gradient operator

A bidirectional gradient operator over the x- and y-axis can also be used to detect discontinuities indepen-
dently of their directions by considering the magnitude of the gradient. By applying this operator to a qua-
dratic surface related to a reconstruction of current on a patch centered at node h, the gradient magnitude
is approximated by
krzhðx; yÞk ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðbþ 2dxh þ eyhÞ

2 þ ðcþ 2fyh þ exhÞ2
q

: ð3Þ
Both operators presented above are frequently used as edge detectors in image processing, but they do not
exactly emphasize the same contrast areas. The Laplacian operator detects curvature variations. In contrast,
high gradient magnitudes are related to triangles spanning a region containing sharp edges, and low values
indicate flat surfaces.

2.2.4. Contrast detection

According to the nature of the information that needs to be emphasized, mesh refinement is performed on
different edge sections identified as inflection areas or slope areas. High Laplacian values indicate inflection
areas while high gradient magnitudes are related to slope areas. The shape detection (curvature-based) scheme
increases the mesh density in the inflection areas and reduces it in slope areas. This can be useful to localize
boundaries of a phenomenon under study. In an STM application, this scheme provides information on the
maximum interaction range between the molecule and surface. The high intensity detection (gradient-based)
scheme refines any edge area containing high pixel values and avoids the refinement of low values. This second
detection approach will predominantly be used for the STM application, since high tunnel currents usually
provide insight into the electronic properties of the adsorbed molecule.

2.3. Pixel calculation

The adaptive mesher is independent of the solver type, if the produced images respect the noiseless and
smoothness conditions described previously. Two different solvers have been tested to validate the accuracy
of the mesher: a Gaussian solver (GS) and a real STM solver.

The GS is a simple mathematical solver that centers a Gaussian surface on top of each molecular atom found
on the scanned surface, where the standard deviation and amplitude depends on the atom nature. The pixel
intensity zðxÞ of a point on the scanned surface is given by the summation of each Gaussian surface at that
point. For a planar molecule, the image solution can be associated to its van der Waals surface representation.

The second solver is a rigorous computational approach that exploits Green’s-function technique [7] within
the Landauer–Büttiker (LB) formalism [8] of tunneling in conjunction with a tight-binding Hamiltonian [9].
The tunnel current I between the tip t and the surface s electrodes is defined by
I ¼ 2e
h

Z EFþeV

EF

T s!tðEÞ½fsðEÞ � ftðEÞ�dE; ð4Þ
where e is the electron charge, h is Planck’s constant, EF is the Fermi energy, V is the applied voltage, fs and ft

are, respectively, the Fermi distribution function of the surface and the tip for a given energy E. T s!t is the
transmission function (or transmittance) which represents the summation of transmission probabilities over
all conduction channels in the conductor. The electrode t is characterized by an apex a of a few atoms, while
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the top layer of the electrode s is represented by an appropriate reconstructed r surface. The transmittance T s!t

can be evaluated using a surface Green-function matching method [10]
Fig. 1.
adapte
solver
a (10 �
T s!t ¼ Tr½CsGraCtGar�; ð5Þ

where Cs(Ct) is a matrix describing the interaction between the electrode s(t) and the reconstructed surface
(apex) r(a), and Gra and Gar are, respectively, the retarded and advanced Green’s-functions describing the
charge propagation between r and a, i.e. the tunneling region [9]. It must be emphasized that the evaluation
of the tunnel current does not depend on the quality of the grid, and that the quality of the final STM image
strictly depends on the choice of individual spatial locations where the current is evaluated.

3. Validation

3.1. Image comparison

The quality of the adapted solution can be verified by comparing the images in Tiff format generated on
unstructured meshes with the one obtained on a high resolution uniform grid. From this grid, an exact solu-
tion is obtained if the grid resolution is equivalent to the one of the final adapted mesh. To compare two
images of size M � N , a high resolution reference solution zrefðxÞ with an adapted solution zoptðxÞ, a pixel
by pixel analysis is performed. A common way to evaluate the image compression quality uses the peak sig-
nal-to-noise ratio (PSNR) and expresses the value in a logarithmic decibel scale. This method can also be
applied to check the quality of the adapted solution over the reference solution
PSNR � 20 log Imax=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kzrefðxÞ � zoptðxÞk2

=ðM � NÞ
q� �

dB; ð6Þ
where Imax is the maximum value a pixel can reach. In our case, using an 8 bit representation, Imax will be equal
to 255. Higher a PSNR value is, more accurate the adapted solution will be.
The main figure shows the variation of the image quality with the number of nodes in the adapted mesh. The inset shows the
d mesh, and two views of a partial rendering performed after each adaptive cycle. The image solution is obtained from the Gaussian
using a benzene molecule as an input system. Step 1 shows the initial mesh made from a 1 Å resolution grid. The scanning domain is

10) Å2 area, and the reference image has 0.2 Å resolution (2601 nodes).
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3.2. Partial rendering

By combining an iterative mesh construction with a technique for successive refinement, the STM image
can progressively be revealed as the simulation runs. This partial rendering is presented in the inset of
Fig. 1 through a series of intermediate meshes obtained at the end of four different adaptive steps, for which
two different views of their corresponding image solution are shown. Although the monochrome 2D images
basically contains all the intensity features near maxima, only the colored 3D representation can give a clear
view of the fine intensity structure related to the atomic nature of the adsorbed benzene molecule. The simu-
lated image is obtained using the Gaussian solver for a benzene molecule adsorbed on a metallic surface. Step
1 shows that quickly, a first low quality image (PSNR = 48.3 dB) is rendered after solving for 131 nodes on the
initial mesh. Although this image solution is rough, it supplies enough information for an accurate differential
analysis that leads to the new mesh node locations. Each subsequent step increases mesh density in specific
areas which improves the image solution quality. Further analysis of the dataset shows that at Step 8, the mesh
provides a very accurate image solution (PSNR = 56.8 dB) after solving only 532 tunnel currents. As revealed
by the main curve of Fig. 1, we clearly see that good quality images can be obtained even after a few initial
mesh adaptation steps.
Fig. 2. Simulated STM images of benzene on different adsorption sites of copper (100). Each row shows the input molecular system,
followed by the optimized mesh and its STM image for a shape detection scheme and a high intensity scheme. Imaging is done in constant-
height mode (5 Å), with a bias voltage of �0.5 V applied between the surface and the W(111) tip. The scanning domain is a 11 � 11 Å
square area, and the image comparison was done using a reference image of 0.2 Å resolution (3136 nodes).
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4. Results

The STM image of a molecular system may depend on several physical aspects such as the adsorption site.
The emblematic example of such site dependance is the adsorption of benzene on Pt(111) [11,12]. In this sec-
tion, we explore the adsorption of benzene on a low reactive metal surface such as the Cu(100). First, this
demonstrates how our iterative approach of surface discretization can efficiently adapt to complex STM con-
trasts. Second, it also provides an accurate representation of high resolution STM images that can be com-
pared to the excellent STM images obtained by Weiss and Eigler on the Pt(111) surface [11], but also to
other surfaces. In our model, both surface and tip electrodes are made of copper (100), the tip is made of
an apex of 10 tungsten atoms. As illustrated in Fig. 2, four adsorption sites were studied: on-top, hollow
and two different bridge sites. The constant-height STM images were generated with an applied bias voltage
of �0.5 V on a 11 � 11 Å scanning domain defined by an initial mesh of 155 nodes. In order to avoid any
spurious meshing adaptation events, the final images were systematically compared and validated using a high
resolution image obtained with a standard square fine grid.

4.1. Adapted STM images

Each molecular system resulted into distinct STM images, and both discretization schemes successfully
managed to locate and highlight specific contrast regions while avoiding others. For example, the brightest
area of the on-top STM image features a plateau shape involving low first and second order derivatives.
Hence, such a flat contrast does not need high resolution, and both proposed discretization schemes avoided
to maximize the mesh density in that region. As for the image solution quality, the shape detection scheme
obtained better PSNR values ranging from 64.0 to 65.0 dB, compared to the 62.1 to 63.6 dB for the high inten-
sity scheme. However, the high intensity scheme shows greater reduction of the total amount of computed tun-
nel currents with diminutions ranging from 66.4% to 69.5%, compared to the shape detection scheme which
ranges between 57.8% and 60.7%. Finally, the colored 3D representation remains the most accurate approach
to reveal the fine atomic structures near maximal intensities which are clearly related to the symmetry of the
adsorption site.

This adsorption site dependance found on Cu(100) is consistent with previous experimental and theoretical
works. One particular experimental STM study [13] on Cu(100) has shown an STM image with a protrusion-
like feature that is very similar to the one obtained for an on-top site. Subsequent theoretical study has pro-
vided some explanations of STM contrasts using simulated STM images based on the Tersoff–Hamann (TH)
model [14] for on-top, bridge-A and hollow adsorption sites of Cu(100) [15]. Our STM results based on the
LB formalism are in agreement with their theoretical interpretation of STM images. Their on-top image shows
also a high symmetry, and their bridge-A image is elongated along the same axis as our protrusion splitting.
Although this protrusion splitting was not observed within TH limits, a similar feature was observed in a more
recent theoretical study of benzene adsorbed on a Cu(110) surface [16].

5. Conclusion

We have demonstrated a novel approach for space discretization in STM imaging. This technique starts
from a simple but efficient meshing grid which is then analyzed according to the calculated tunneling solution,
and is adapted to give the best contrast and resolution for the final image. A major improvement with this
approach is to substantially reduce the number of grid points needed to reveal high resolution STM images.
Although the proposed technique has been developed for contour or height recognition of molecular objects in
STM, algorithms are sufficiently robust to provide adequate results in various spectroscopic or microscopic
imaging techniques.
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